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Chapter 4

Renormalization group in spin glasses

The renormalization group treatment of spin glasses has long been a theo-
retical challenge. This chapter reviews the early standard replica symmetric
description as well as the current perturbative and non-perturbative under-
standing of these systems.

4.1 Mean-Field and e-Expansion for Spin Glasses

Tom Lubensky, Department of Physics and Astronomy, University of
Pennsylvania, Philadelphia PA, USA

This section reviews my first article with Brooks Harris [1] presenting
a Landau-Wilson (LW) free energy [2-6] and our follow-up work [7] about
a model exhibiting transitions from the paramagnetic (P) to the ferromag-
netic state (M) and from M to a spin glass (SG) in addition to a P to SG
transition. This last transition was found to have an upper critical dimen-
sion, d. = 6, rather than the d. = 4 of familiar thermodynamic transitions.
Critical exponents to first order in € = d — d. could then be obtained.
The usual e-expansion protocol that had been applied with great success
to thermodynamic [4,8,9] and quantum [10, 11] phase transitions, dilute
and semi-dilute polymeric solutions [12], percolation [13,14] and branched
polymers [15,16], however, appeared not to work for SG, at least not with-
out further tweaks. One might say that this breakdown was the canary
in a mine shaft that provided early warning that SG models were going
to require new ideas. They soon arrived in the form of replica-symmetry
breaking [17] after de Almeida and Thouless demonstrated [18,19] that the
Sherrington-Kirkpatrick (SK) SG state is unstable.
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Fig. 4.1 MF phase diagram showing the P, SG, M, and MSG phases and the multi-
critical point C. For m = 1, no distinct MSG | phase exist; it becomes part of M.

4.1.1 Constructing a Landau- Wilson free energy

Consider first the MF phases and phase transitions associated with the
model Landau-Wilson free-energy density F describing a random micro-
scopic O, model with quenched random exchange interactions with aver-
age value, [J].y, and second cumulant ([J?],, — [J]%,). F is a functional
of the replicated [20] local magnetization M with components M and the
Edwards-Anderson (EA) [20,21] spin-glass (SG) order parameter 6 with
components Q%ﬁ with replica indices « and S running from 1 to n and
O, indices ¢ and j running from 1 to m. The n = 0 procedure [22,23] is
used to produce a homogeneous energy for the random system. As usual,
the diagonal elements with respect to a3 of Q%B are zero, and the trace
with respect to the ij indices of the off-diagonal a—3 parts are equal to
[(S(x)) - (§(x))]ay and are thus greater than or equal to zero. The SK
model [24,25] is a long-range version of this local model, which has been
used, for example, in Refs. [26-28].

F naturally decomposes into three parts:

F=Fu+Fo+Fuq, (4.1)
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where [7]
1 1
Fq = [47“QT1"<§>2 + ETT(Vﬁ)Z —wTr@? +ugTr @~ UQ(Trag‘)%)
1 = = 1 -
Fuy = [QTMM M 4+ SV V0

tupg Y MEME M M — vy (M - M)? (4.2b)
Fruq = —wmQ MM/ (4.2¢)
and where rg = aq(T—Tq) with T ~ [J?]ay—[J]2, and rar = an (T —Thr)
with Ths ~ [J]ay. (The Einstein summation convention is here used.) All
of the energy coefficients wqg,war, uqg, - except for rg and 7y are taken
to be positive.

4.1.2 Mean-field theory

The MF analysis of this Landau-Wilson description captures qualitative
SG features of the Edwards-Anderson (EA) [20,21] and SK [24,25] models.
It produces, in particular, an essentially identical phase diagram to that of
the latter.

Under the assumption that replica symmetry is not broken, both M
and QO‘B are independent of the indices. O,, rotational symmetry can,

however, be broken leadlng to M = M e, where e is the m-component
unit vector parallel to M. The breaking of rotational symmetry by M
requires the isotropy of the Edwards-Anderson SG order parameter Q%’B

to be broken with a component, @), parallel to M and a component, Q| ,

perpendicular to M:
ngﬁ [Qllezey +QL(6 ij — ezej)](l - 5046)' (4.3)

The (1 —6*#) factor forces all diagonal a3 components in Q%ﬁ to be zero.
When M is zero, Q)| = Q1 and Q;; = Qd;;(1 — §°#). The MF components
of F are [7]

Fvu=n <;TMM2 + uMM4) , (4.4a)
Fo = n(n—D){zraltm 1)@ + @] — waln —2)[om ~ 1)@} +@f] +

ag[(m —1)QL +Qfl}, (4.4b)
Fug = —n(n — NwngM?Q), (4.4c)
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where g = (n? — 3n + 3)ug approaches 3ug as n — 0. Note that the vy,
and vg terms have been omitted because, being proportional to n?, their
contribution to F/n vanishes in the n — 0 limit. The equations of state
for M, Qy, and Q1 are

OF

m:(TM+4UMM2_2(TL—1)’LUMQQH)M:O, (453)
oF 1 )
ndQ (n=1) (2“9 = 3(n = 2)weQ) + 4UQQ|2|> Q) (4.5b)
—(n—DwyoM?* =0, (4.5¢)
O (= 1)(m—1) (2ro@u — 3 — uwoQ? ) QL = 0.(45)
n@QJ_ =\n m QTQ €L n w7 1L =0.(4.

Their solution determines the thermodynamic properties of M, @), and
@1 and the full phase diagram. Note that the solution to Eq. (4.5d) for
Q1 does not depend on M. An important feature of these equations is
that they permit solutions with M and @ equal to zero, with M = 0 and
Q@ > 0, and with @ and M? greater than zero, but there is no phase with
Q) = 0 and M # 0. We will begin with a study of the SG phase in some
detail and then discuss the full phase diagram.

4.1.3 The spin-glass sector
In the SG phase, M =0, Q) = QL = Q, and

Q5 = Qo (1 —6°P). (4.6)

The d;; factor here implies that the pure SG state is isotropic. The LW
energy for this SG state is then

J 1 2 3 <A
=-roQ° — -2 dug Q°. 4.7
mn(n —1) 4" we(n = 2)Q7 + diq (47)
Several properties of this expression require further comment:

(1) Note the mn(n—1) factor in the denominator of the right-hand side. We
are interested in the limit n — 0, and the normal procedure is to put the
factor (n— 1), which is then negative, on the right side of the equation.
The resulting change in the effective free-energy equilibrium extremum
from a minimum to a maximum is unsettling. Taken at face value,
the factor n(n — 1) is the number of degrees of freedom in the replica
portion of the 6 matrix so long as n > 1. An interpretation [22, 28]
that avoids the extremum dilemma is to view this factor as the number
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of degrees of freedom even in the analytic continuation n — 0. In
this interpretation, the right-hand side can be viewed as a free-energy
density per degree of freedom, which has the usual property of being
zero when the order parameter @) is zero and negative when rg becomes
negative and a phase transition occurs. Unfortunately, as we shall
see, the number-of-degrees-of-freedom interpretation presents problems
when ferromagnetic as well as SG order is considered.

(2) As emphasized after Eq. (4.1), @ is constrained to be positive. The
free energy in the negative half plane can therefore be ignored.

(3) There is a third-order term in (). Normally this implies a MF first-order
transition [9], in which the sign of @ in the ordered phase is opposite to
that of the coefficient of Q2 in the free-energy function. When n > 2,
the coefficient is negative implying a first-order transition to a state of
positive Q. When n < 2, the coefficient is positive implying a first-
order transition to negative ), which is not permitted. Rather, there is
a second-order transition at rg = 0 to a state with the required positive
Q. An identical behavior is noted in the treatment of percolation using
the s — 1 limit of the s-state Potts model [13,14]. There, the order
parameter is the (necessarily positive) probability that the diluted lat-
tice has a connected cluster that traverses the sample in all directions.
The third-order term in the Potts energy changes sign at s = 2, and at
s = 1 the percolation transition is second-order with an upper critical
dimension of d. = 6.

Minimization of Eq. (4.7) leads to the equation of state for @ in the SG
state as rg — O:

1

<27«Q —3(n — 2)weQ + 3211QQ2> Q=0, (4.8)
with solution
Q=L |32-n)wg - VB2 — nug)? — 32rqiiq
320
rQ n—0 rQ
~ _ 4.

6(2 —n)w 12wg ’ (4.9)

The contribution of the fourth-order g term to @ vanishes as rq — 0,
regardless of its sign, and near the phase transition, @) ~ (er)ﬂ , where
B = 1 rather the usual 8 = 1/2. The alternative solution for @ with a
+ sign before the radical corresponds to the negative value of @ (when
n = 0) and can be ignored. Note that the positive solution for ) emerges
when rg < 0 only because the n — 2 term is negative when n = 0. If it
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remained positive, a first-order rather than a second-order transition would
be predicted.

4.1.4 The full phase diagram

The solutions to Eq. (4.5) produce the phase diagram with the P, M, SG
and MSG | phases (Fig. 4.1). The point C = (rg = 0,ry = 0) is tricritical
for m = 1 and tetracritical for m > 1. All of the other phase transitions
are second order, so the phase boundaries are set by the vanishing of order
parameters or inverse susceptibilities. The phases and their boundaries (all
with n = 0) are then as follows.

e The paramagnetic (P) phase has the trivial solutions M = 0 and Q) =
@1 = 0. The inverse M and SG susceptibilities are

Their zeros determine the limits of stability of the P phase and thus the
PM and P-SG phases boundaries limiting P to rg > 0 and r3; > 0.

o The spin glass (SG) phase has M =0, rg < 0, and

Q=Q)=QL=-rq/12wq (4.11)
with susceptibilities
_ _ _ 1
Xg' =Xg =XoL = 3Te; (4.122)
X?wl =71y — (Wng/6wg)rq - (4.12Db)

These equations define the boundaries, as shown in Fig. 4.1, of the SG
phase to be the P-SG boundary on the line rg < 0 for r3; > 0 and the M-
SG boundary on the line 7y = (wamg/6wg)rg for ry < 0 beyond which
M grows from zero. Our model does not have any @, -M? coupling, and
Q. follows Eq. (4.11) throughout the entire region rg < 0 and is insen-
sitive to the MSG boundary. However, there is a Q-M 2 coupling, and
Q) follows Eq. (4.12a) until the M-SG boundary whereupon it changes
behavior.

e The magnetic (M and MQ_ ) phases both exhibit both M and Q|| order.
The MQ, phase additionally has Q. For m = 1, however, there is no
Q.. The M phase is then determined by the two separate equations



July 11, 2022 14:0 ws-book9x6 Book Title output page 7

Renormalization group in spin glasses 7

showing interactions between M and Q)
1
M? = (1/wmq) <27‘QQ|| + 6wQQ|2|> (4.13a)

QH = (wMQ/24ﬁwQ) {—A + [A2 — (241~LM’LUQ/’LUMQ)TA[]1/2}4.13b)

where A = wq + (v/wpq)rq. Clearly, Q) and thus M vanish when
rp = 0. The P-M boundary is therefore along rjy; = 0. When ry, =
(warq/6wq)rg, rq +6weQ) = 0, thus verifying that M = 0 on the M-
SG line. Both Q) and M 2 must be positive in the M and MQ | phases. It
is straightforward to see that M is nonzero for rj; < 0 near the boundary
with the P-M phase boundary, and zero for rj; > 0. It is also true, albeit
more complicated to show, that M? grows continuously from zero for
displacements with positive changes, Arq, to rg perpendicular to the M-
SG boundary defined by ray = wag/(6wg). For m > 1, Q1 is nonzero
throughout the rg < 0 subspace because there is no coupling between it
and either M or Q.

The M and M@, phases, which exhibit both 6 and M order, present
greater difficulties in interpreting the n(n — 1) factor that, as discussed
in Sec. 4.1.3, either represents the number of degrees of freedom in 6
or signals an energy that is maximized rather than minimized in the SG
phase. In the M—(iG case, the M component does not have the n — 1
problem but the @ part does, making it difficult to interpret n(n — 1)
as the number of degrees of freedom. This problem can be discerned in
the expressions for fluctuation corrections to the MF response function
arising from the Fp;q. Fa contains a term %TMM .M. To one-loop
order in perturbation theory, rj; experiences a correction proportional
to —(n — 1)w},, at point C arising from a one-loop diagram.

4.1.5 Critical exponents and the e-expansion

The MF order-parameter exponent § and correlation-length exponent v
determine the upper critical dimension d = d., via the relation § =
(1/2)(d; — 2)v. In MF, Eq. (4.9) sets 8 = 1, and Eq. (4.2) implies v = 1/2

Table 4.1 Exponents for the SG fixed point

Exponent Ag —2 vg —(1/2) Ay — 2 om — 1 nQ o YQ Ymr
Value ___5me 5e _ me S5me _ __me 0 Tm—3
u 3(2m—1) 12(2m—1) 32m—1) 6(2m—1) (2m—1) € Tam-6°€
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so that d. = 6. The third-order term in F then becomes relevant in the
e-expansion renormalization scheme (see Table 4.1).

The momentum-shell renormalization-group-recursion relations for an
e-expansion about d = 6 are [7]

dry @]2”@

dra o, ol — 1 7 4.14
dl ( NM )T M m(n )(1—|—7"]v[)(1+7'Q) ( 2)
drqg ﬁ)é 415]2\4@

drg ., a6min 2 _ 4.14b
dl (2=nQ)rq m(n )(1 +rg)?  (1+rm)? ( )

dwg 1 ~ 3 Tig

S = 56— 3n0)q + 36[(n — 3)m + 1)y + (4/3)ikrq . (4.140)

dwprg 1 ~ 53 oW
g = 3\€7 7 — 2n)WnQ + 4liyq + 12m(n — 2)wqwydh-14d)

where g = /Kegws for S = Q, M, MQ (K4 = Qq/(27)? with Q4 the solid
angle subtended by a sphere in d dimensions).

no = [12(n — 2)mwg + (4/3)0%0]  na = (4/3)(n — 1)mi3,q . (4.15)

The outputs of Eqgs. (4.14) and (4.15) are their fixed points and the standard
zoo of critical exponents. A first observation is that there are three fixed
points, depicted in Fig. 4.2, in the space of wg > 0 and warg > 0: the
Gaussian (G) fixed point at wg = warg = 0, the SG fixed point at wg =
wg > 0, wpng = 0, and the M-SG-fixed point at wg = wg" > 0, wgh, > 0.
The exponents A\g = 1/(51 and ¢ = PpmAQ, where vg is the correlation
length exponent for @Q and ¢p;, the crossover exponent for M, are those
that govern the growth of rg and 73 near the P-SG transition. 7n¢ and
1y control the behavior of correlations of @ and M, respectively, on the
P-SG transition line. Finally, 1o and v¥s are the stability exponents that
control the behavior of wg and wprg near their fixed point.

Tables 4.1 and 4.2 summarize the exponents for the SG transition and
the M-SG multicritical point. At the G fixed point, both g = ¥ = €/2,
and A\g = Ay = 2. The SG fixed point has ¢¥g < 0, and is stable with
respect to changes in wg, indicating that it describes the transition to the

Table 4.2 Exponents for the multicritical point C

Exponent Ap—2 Ao —2 nQ M YQ s
m=1 —8¢/3 —5¢/3 —¢/3 —€/3 —e —5¢/3
m=2 (—1.150 + 0.3247%)e (—1.150 — 0.3247%)e —0.2149¢ —0.2451e —e —1.079¢
m=3 —(0.9407 + 0.2539i)e  —(0.9407 — 0.2539:)¢ 0.1960¢ —0.2253¢ —e —0.8686
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Fig. 4.2 Schematic RG flow for Egs. (4.14) and (4.15) showing the G, SG and M-SG
FP. Note that the SG FP is unstable to flow toward the M-SG one.

SG phase as long as M or wpqQ is zero. Because both Aj; and v, are
positive, both r); and wgas are relevant variables that run away from any
initial values other than zero (see Ref. [28]). The M-SG-fixed point is the
most stable one with both ¢ and 15 negative. The equations for rg and
rpr are coupled, and, as a result, their exponents A and A_ are associated
with linear combinations of them. Curiously, Ay and A_ are complex then
conjugates of each other. There are other peculiarities to the RG flows
even for the Ising (m = 1) SG case, which unlike for m > 1 does not have
complex exponents at the M-SG fixed point.

It is therefore clear that the early and naive treatment presented in
this section raises more questions than it answers. The rest of this chapter
reviews the significant progress on these matters made since the 1970s.

4.2 Field theory for the Almeida-Thouless transition

Tamas Temesvari, ELTE Institute of Physics, E6tvos Lorand University,
Budapest, Hungary

Imre Kondor, Complexity Science Hub, Vienna, Austria, and London
Mathematical Laboratory, London, UK

MF theory is exact for the Ising spin glass on the fully connected lattice,
i.e. the SK model, and its simplest solution has a transition from the para-
magnet to the replica symmetric (RS) SG state in zero external field [29].
This RS phase, however, was soon proven to be unstable for zero as well as
for any nonzero magnetic field whenever the temperature is low enough [30].
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This instability is now understood to indicate the onset of replica symmetry
breaking (RSB) in both cases. Yet the nature of the instability differs in
one from the other:

e H = 0: The high-temperature paramagnetic phase has a unique degen-
erate mass m [with multiplicity n(n — 1)/2 in the replicated theory, with
n being the replica number]. The MF transition at the SG critical point
T™ has the character of a paramagnet to RSB SG transition, instability
of the paramagnet is signaled by m — 0.

e H > 0: The high-T' phase has three different masses: replicon mg,
anomalous m 4, and longitudinal my. (For n = 0, the latter two are de-
generate.) Upon lowering T', mp vanishes at the Almeida-Thouless (AT)
instability, whereas the other two modes remain noncritical. This kind
of transition is now considered to be the true SG transition, physically
resulting in the SG susceptibility to diverge, whereas the zero-field case
is multicritical.

An AT transition can take place even when H = 0, but only for n = 0
[31]. By extending the finite n calculation to H > 0, one can contrast the
phase diagram with that for n = 0 (Fig. 4.3). We note the following:

(i) The finite n phase boundary has a maximum, and hence the RS phase
reenters at low 7.
(i) The high-T' endpoint of the finite n AT line is separated from T by a
stable RS SG phase.
(iii) The T'— 0 and n — 0 limit is strongly singular: the H axis for n = 0
is simultaneously the innermost part of the RSB phase, and the n — 0
limit of the low-T" wing of the AT line.

4.2.1 RS field theory for the AT transition

Going beyond MF theory in d dimensions is commonly done by building
an effective field theory which is suited to the calculation of perturbative
corrections, and may be considered as an initial condition for iterating the
renormalization group flows. For this purpose, it is usual to apply the
Gaussian integral representation of the replicated and averaged partition
function [32-34]:

Zn ~ /[dqﬂ eTE@ L L(¢) = LD (¢) + LD (9)
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T 7 "

Fig. 4.3 MTF phase diagram of the Ising spin glass for n = 07 and n > 0. The maximum
asymptotically scales as Tr, ~ n [In(n=2)]*/2 and Hpm, ~ [In(n=2)]'/2. The low-T AT line

terminates at Timin ~ 7 [In(n=2)]71/2 (not marked in the figure) for H = 0, signalling
the RS reentrance.

with
1 1 N
£ = 53 | (3lanm) Y ogemhbma 3 ooy ema 3 0.
P ap aBy afByé
(4.16)
and
L YT LT LT
T ' (A ...
3! \/Nplpzpa i=1 4N P1P2P3pa i=1
(4.17)

where the fluctuating fields obey ¢gﬁ = ¢§a with ¢p® = 0, the number
of the lattice sites N — oo in the thermodynamic limit, while pa is the
interaction range. One can define the effective coordination number as
z = p?. (Momentum conservation is understood in the primed sums.) The
cubic and quartic RS invariants! in the interaction Lagrangian £(!) have
been exhibited in Refs. [34,35], some examples are displayed below:

170) =2 oplopien s B0 =3 opleplen) . 1Y(6) =D oplogion

afy aB afy

1IJ(.k) are deemed RS invariant because they are unaffected by the global transformation
Py P
¢/g[3 = ¢p" 7, where P is any permutation of the n replicas.
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and

(4) _ (oY 6 4da (4) _ af jaf af o 4) _ af jaf o
LY =3 sploniomn, L0 =D oplenlopion] . 5 =D oplonlop) o -
afvyd af afy

The stationary condition, which requires the linear term in the interaction
part to vanish, gives that masses and couplings depend on temperature 7T,
magnetic field H and replica number n, thus providing an effective field
theory beyond the close vicinity of the zero-field multicritical point. One
can therefore also study the 7' — 0 regime. Exact relations further relate
some couplings, the most important being ws = —3ws = —2ws.

A hierarchy of the masses and couplings emerges close to T™f. For the
paramagnet, my, w1, U1, ug, and ug are the only nonzero bare parameters
(up to quartic order). In the crossover region, the Lagrangian can be written
as L = Lpara + 0L with 6L having additionally the parameters mo, wa, ws,
ws, us etc., all of which are proportional to the reduced temperature 7 =
(T™—T)/T™. Tt is clear that the above representation of the system by the
RS invariants with unrestricted replica summations and couplings belonging
to them is well suited to the system close to the zero-field multicritical point
where the paramagnet becomes unstable.

Close to T' = 0, however, a new system of couplings must be chosen.
We then decompose the fluctuating field as

02F = (65)*F + (¢5)*" + (¢5)*F
where

e the replicon (R) field has the property Zﬁ (d)g)o‘ﬁ = 0 for any «, so the
number of independent components is n(n — 3)/2;

e the anomalous (A) field can be built up from n — 1 one-replica fields
(62) with the property 3, (62)% = 0 as (¢2)*F = 1[(68)* + (¢2)7],
a# B

e the single component longitudinal (L) field is constant: (¢} )eh = (o),
a # B.

£(S) is diagonal in this new representation, whereas the cubic part of £()
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takes the form

3Wﬁ§j{m§j¢ )22 (68, (6 7%-923 2 )09 (g8 )

P1P2P3 afy

+3QSZ OF )P (D5 (dh,)+3ga-Y (dF )P (65,)*F (0 +Bg52 b ) (6h,) " (0h,)”
ap

O RO (68" 0k, + 0w (08, (08,68
(4.18)

See [34] for the relation between the two sets of couplings, the g;’s and the
w;’s.

To calculate corrections to MF theory near T = 0, we must know
how the bare parameters behave in its vicinity along the MF (or tree-
approximation) AT line. It is then convenient to study the n = 0 and
n 2 0 cases separately (see Fig. 4.3).

e n = 0: The two fully-replicon cubic vertices (i.e. with all the three legs
being R) diverge as

n=g~T", (4.19)

whereas the others vanish like ~ T'InT". Surprisingly, the longitudinal
mass my, = ma does not become infinitely large in this limit, instead
limr_,omz = O(1). Interestingly, it is not monotonic along the AT line,
but has a maximum at some intermediate temperature.

e n 2> 0: In the low temperature regime, where the n 2 0 line deviates from
the n = 0 one, the two replicon vertices behave again as in Eq. (4.19).
The other six vertices behave at most as g; ~ T~!-n2. The AT line,
however, reaches the temperature axis (H = 0) at Ty ~ n [In(n=2)] 71/
and the n — 0 limit finally makes these vertices vanish.

4.2.2 Perturbative correction to the mean field AT line

Because perturbative considerations are somewhat modified at d = 6, our
study in this subsection is restricted to d > 6.

(i) The high-temperature endpoint of the AT line for H = 0:
When both the replica number n and the magnetic field H are zero,

the replicon mass is negative, mp = —% 72, thus yielding an ill-defined
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replicon propagator. We must therefore resort to regularization by n or
H:

e n 2 0and H =0. The RS phase is stable between 7. and TaT, and
it can also be proved that 7. is at the same time the temperature
(at one-loop level) where the paramagnet becomes unstable and the
RS order parameter changes sign from negative to positive value.
As for TaT, applying conventional perturbative method with 1/z <«
n < 0 at one-loop order and contemplating the higher order correc-
tions suggests the form

Tatr =n- fi(l/nz) +n? - fo(l/nz) + ...,

and by fixing z while n — 0, the high-argument limit of the f
functions will yield the 1/z expansion of 7ot (H = 0).

e n=0and H?/(kT™)2 > 0. In this case, one can compute the AT
temperature for a given, small magnetic field perturbatively:

_ 3 g2 |3
TaT =70 + O(1/2), with To = [4 (chmf)?}

The loop expansion is generated for a given, albeit small, magnetic
field with 1/z <« 79 < 1. One can expect that a resummation of
the whole series provides

TaT = 70 - f(1/702) + correction terms ,

and a nontrivial zero-field limit follows if lim, oo f(u) ~ u, resulting
in
1
TAT(H = 0) ~ ; 5

in agreement with the previous regularization scheme.

(ii) The zero-temperature limit of the AT line for n = 0:
Close to T' = 0 the loop-expansion is valid for 1/z < (T/T™)? < 1,
providing the result

1

H3 8 T
— AT — nz+In (9 u) +0(u) = In z+g(u) with u=- ( = > .
L

(T2
The T = 0 critical field is expected to be finite for a system with fi-
nite connectivity z, in contrast to the SK model. This means that

z T

lim,,—, 0 g(u) must be finite, providing

Hir(T = 0) = (kT2™)? - [Inz + g(c0)]
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4.2.3 Perturbative RG for the cubic field theory

MF theory and its perturbative corrections provide insight into the transi-
tion to the RSB phase. The renormalization group (RG) can also usually
provide the correct phase diagrams and universal critical parameters for
finite d, short-range systems (z finite). As discussed in Sec. 4.1, the H =0
case was initially studied by Wilson’s RG, which identified a stable fixed
point in the first order of the e-expansion, e = 6 — d [36,37]. Later works
extended the calculation of the critical exponents n and v up to third or-
der [38]. An attempt of the RG study for the RS spin glass phase (again
for H = 0), with the result of finding its instability, was also done in [39].
Except in this last work, a single mass m; and cubic coupling w; were
considered (see Eqgs. (4.16) and (4.17)), and it is the replicated paramagnet
which becomes unstable on the critical surface belonging to this stable fixed
point. This single critical mass is actually a direct consequence of the extra
symmetry the replicated paramagnet has over the generic RS phase [35],
thus resulting in the degeneracy of three different masses of the RS phase:
replicon, anomalous and longitudinal [32,39].

The true spin glass transition, i.e. the AT transition, has a single critical
mass, namely the replicon one mpg, and only the two fully replicon cubic
couplings g1 and go are different from zero (see Eq. (4.18)). The first-
order RG for this three-parameter model was worked out by Bray and
Roberts [33] who found no stable fixed point when d < 6. As for the case
above d = 6, the stable Gaussian fixed point has, somewhat unusually,
a finite basin of attraction that vanishes as d — 67 [40]. Although not
specifically examined, this finite basin of attraction may exist in any high
d, and physical systems outside of it may then not be attracted by the
Gaussian fixed point.

These two parts of the parameter space—the replicated paramagnet
and the fully replicon subspace—are closed under the RG iteration, and
are both special cases of a more general RG system with three masses and
eight cubic couplings (see Egs. (4.16), (4.17) and (4.18)). The first-order
RG equations in this large parameter space were presented for generic n
and for n = 0 in Ref. [41]. The most important conclusion from this many-
parameter RG is that there is a critical AT surface in the crossover region
around the zero-field fixed point over a range of dimensions d < 6, d = 6,
and d > 6 [42,43]. ? The existence of the critical AT surface around the

2Note that all these contributions consider a pure cubic model, which is related to but
not equal with the effective field theory proposed here.
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H = 0 fixed point does not contradict the lack of a stable AT-like fixed
point: runaway trajectories for g; and g, are expected as the RG iterations
push the system toward zero temperature.

4.2.4 An unfinished story: transition to the RSB phase

Stable, strong coupling fixed points Various lines of evidence sup-
port the existence of an AT-like transition in short range systems over a
wide d range. Examples include the numerical work in d = 4 [44], Wilson’s
perturbative RG around the zero-field fixed point (Sec. 4.2.3), and pertur-
bative corrections to MF theory (Sec. 4.2.2). Nevertheless, a theoretical
understanding of the AT critical state is still lacking. The failure to find a
stable nontrivial fixed point for d < 6 in the one-loop perturbative RG [33]
and the runaway RG trajectories may be explained by a possible strong
coupling fixed point (which is undetectable at one-loop level). Evidence for
such a fixed point (stable over a range of d) has been found at two-loop level
in Ref. [45], supplemented by a three-loop calculation and a resummation
procedure [46], but the situation remains inconclusive (see Sec. 4.3).

Initial conditions for the RG iteration in d > 6 For d > 6 the
Gaussian fixed point is stable, but its basin of attraction is finite [40]. This
assessment refers to the fully replicon subspace, which is closed under the
RG flow. Physical systems, however, when they are considered as initial
conditions for an RG flow, usually lie outside of this subspace. It is therefore
nontrivial to predict the outcome of an RG iteration. In Fig. 4.4 the AT
line of the effective field theory, introduced in Sec. 4.2.1, is shown for some
d > 6 and 1/z < 1; the perturbative study in Sec. 4.2.2 is applied here.
Three initial conditions on the AT line (where the exact replicon mass I'p
is zero) are considered:

e State A: H = 0 endpoint of the AT line, which does not necessarily
coincide with the critical point of the replicated paramagnet (see Sec.
4.2.2). This state (and those with H 2 0) is far from the fully replicon
subspace, because we have (by only showing the leading terms):

3 1
:1 :—1 :—1 :2 0 — — — Oo — —
g1 ) gs y G5 » 36 y  gr 2’ gs 4’
1 _ 1 1 1
g2~ —, ga~ -, MR~ ——5, mrL~ —;
z z z z

see Ref. [41] for the definitions of the bared couplings which must be
used when n = 0. Since g;/+/z < 1 for all 4, this state lies inside the
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mf T

Fig. 4.4 Phase diagram of the effective field theory in the H — T plane. Three states
on the AT line are considered as initial conditions for the RG iteration (see text for
details). The encircled region is the nonperturbative part of the RS-to-RSB transition.
For comparison, the MF (tree-level) AT line is also displayed (narrow line).

perturbative region. From state A, RG iterations move the system toward
the fully replicon subspace, driven by the hardening longitudinal mass
(mr, — 00). Decoupling of the RG equations for g; and go occurs when
my, = oo. Although Ref. [47] supposed that the RG flow ends at the
Gaussian fixed point g1 = g2 = 0 when d 2 6, it is difficult to see this,
and a runaway flow to infinity is also conceivable.

e State B: The low-temperature end of the perturbative AT line where

2 2
% < ( L ) < 1. To lighten the notation, let us define n = ( L ) < 1.

f f
T Tm

We have for the couplings:

4 _ _ o
n=9:=:1 12 >1  whereas g3, 34,95, 96, G, Gs ~ 1/ > Inn < 1.

Because g¢;/1/z < 1 even for ¢ = 1, 2, this initial state is still inside the
perturbative regime. As for the masses, my = O(1) and mp ~ —1/nz <
1. Although this state is obviously dominated by the replicon mode, it
is still somewhat outside the fully replicon subspace.

e State C: The encircled region in Fig. 4.4 shows the nonperturbative part
of the AT line where 1/nz = O(1) (see Sec. 4.2.2). As for the replicon
couplings, g1/v/z = ga/+/z are also of order unity and we are out of
the range where the perturbative RG is applicable. State C is the zero-
temperature limit of the AT line where 1/nz — oco. Considering these
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infinitely large replicon couplings at 7" = 0, one can certainly conclude
that, notwithstanding the correct phase diagram with the finite critical
field at T = 0, the zero-temperature spin glass is not faithfully repre-
sented by the effective field theory put forward here. One can speculate
that regularization with the replica number n 2 0 may remedy the prob-
lem. Alternatively, the loop expansion around the Bethe lattice (instead
of the fully connected limit) at 7" = 0 may provide a solution to the
problem [48].

4.3 Real-Space RG for spin glasses

Maria Chiara Angelini, Dipartimento di Fisica, Sapienza Universita di
Roma, Rome, Italy

As discussed in Sec. 4.2, the standard perturbative RG computation
at one loop finds no suitable fixed point (FP) for d < 6 to describe the
low-T' phase [49,50]. Although the second-order perturbative expansion
finds a strong-coupling FP [46,51], this FP is nonperturbative, as it cannot
be reached continuously from the Gaussian one from d,, = 6. Given that
the perturbative analysis is uncontrolled in the strong-coupling regime, the
existence and relevance of this FP cannot be confirmed using the approach
of Ref. [51]. Real-space RG then seem like a natural methodological choice,
because the approach is non-perturbative by construction. In this section
we o review the real-space RG methods that have been applied to SG,
highlighting both their strengths and weaknesses.

4.3.1 M:igdal-Kadanoff RG

Real-space RG can be viewed as a decimation procedure that reduces a
larger system to a smaller one, so as to preserve—or scale appropriately—
important physical observables. The partition function is then evaluated
iteratively. For each iteration, a block of spins {¢}, described by the Hamil-
tonian H ({c}) with couplings {J}, is replaced by an equivalent system with
fewer spins {o’} and Hamiltonian H’({c’}), with renormalized couplings
{J'}, such that the partition function of the original and the renormalized
systems are the same. The study of the resulting transformation of the
system couplings can then identify critical points and critical exponents.
While this procedure can be carried out explicitly in d = 1 because the
Hamiltonian remains of the same form after the reduction of the degrees
of freedom, for d > 1 new coupling terms arise between distant spins,
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Fig. 4.5 (a) Basic step of the MK bond moving procedure to renormalize a d = 2
hypercubic lattice. (b) Basic step of the iterative procedure to generate a HL, for which
MK RG is exact.

and the block-spin renormalization cannot be carried out exactly. The
Migdal-Kadanoff (MK) approximation aims to overcome the proliferation
of couplings [52,53]. Once the spins in the lattice are divided into blocks, all
the couplings internal to the blocks are moved to the spins at the edges of
the blocks (see Fig. 4.5(a)). An exact decimation of the spins at the edges,
except those on the corners, is then performed. One can demonstrate that
the free energy of the system after the bond-moving procedure is a lower
bound to the free energy of the original one. The MK procedure applied to a
d-dimensional hypercubic lattice consists of replacing it with a hierarchical
diamond lattice (HL), for which the MK RG is exact [54]. HL are generated
iteratively. The procedure starts at step G = 0 with two spins connected
by a single link. At each step G, for each link of step G — 1, p parallel
branches, made of s bonds in series each, are added, creating p- (s — 1) new
spins. The first step is shown in Fig. 4.5(b). The relationship between the
hypercubic lattice and the associated HL is then d = 1 + In(b)/In(s). The
RG procedure is the exact opposite of the iterative procedure to construct
the HL. For instance, in step 1, the p - (s — 1) spins generated at the
last level are integrated out, generating new effective couplings and fields
between the remaining spins 3. Particular care should be taken when fields
are involved [55].

Despite its simplicity, the MK RG can capture highly nontrivial physical
features. For example, it accurately describes the T'= 0 FP of the random
field Ising model [56]. However, it becomes less quantitatively accurate as
d increases and sometimes even fails qualitatively [57].

3In the following we take s = 2, which is considered in all the works considered.
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Fig. 4.6 MK RG flow in the plane (Ul — 21 for d > 8. Adapted from Ref. [58].
J J

The phase diagram for SG with H = 0 obtained through MK RG is
depicted in Ref. [59]. The model here displays a phase transition from P
to SG at T.(p). Starting at T > T, the renormalized variance of the cou-
pling distribution v; decreases, flowing towards the P fixed p01nt = 00.
Starting at T' < T, the renormalized variance of the coupling dlstrlbutlon
increases towards a T = 0 FP associated with the SG phase = = 0. At
the SG FP, the renormalized variance of the couplings after n iterations
grows as vgn) o (27)?. Remarkably, the dependence of # on the effective
dimension is well described by 6(d) = (d — 2.5)/2, which is consistent with
the lower critical dimension d;, = 2.5 determined numerically and theoret-
ically [60-62].

In the SG phase, single RG trajectories are chaotic [63], and so is the
renormalized couplings dependence on temperature [64]. One way out of
this difficulty is to consider the contribution of random fields. Suppose
that the original fields are extracted from a Gaussian distribution of zero
mean and variance vy,. One can show that, for any dimension (any p), the
zero temperature SG FP T = 0 becomes unstable, the external field thus
corresponding to a rolovant perturbation. For small enough d there is no
other stable FP associated to the SG phase with field [55]. The transi-
tion seems to be destroyed by the field. However, the situation changes as
d increases. The renormalization flow projected on the plane (g, o ey for
d > 8 is shown in Fig. 4.6 [58]. Even though the SG-FP is unstable also
in the presence of an external field, the system then flows toward a new
zero-temperature stable fixed point, SGH, which rules the behavior of the
SG phase in a ﬁeld At high T and/or for strong fields the system flows
to the P FP (U o ) = (00, 00). Therefore, there is necessarily an unstable
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FP, SGH,, separating the P and the SGH ones. The situation persists at
T = 0 and governs the SG transition in a field. The fact that the critical
FP point is a T" = 0 one implies that there is a third independent critical
exponent, in addition to the usual two associated with finite-T' FPs. Again,
one can compute the new exponent 6. by looking at how the variance of the
couplings increases at the SGH. FP. The other consequences of a T = 0 FP
is that, while correlation functions associated to thermal fluctuations de-
cay as Gihermal () X N%M, correlation functions associated to disordered
fluctuations decay as Gaisorder(T") o m [65]. The MK RG picture
is therefore profoundly different from the standard MF description, which
predicts a Gaussian FP in d > d, that is not a T' = 0 one (see Sec. 4.1
and 4.2). For d — oo, however, the transition found through MK RG loses
its T = 0 character because 6. — 0. MK RG predicts a lower critical di-
mension d;, = 8, below which a stable FP cannot be found when the field
is present. The same MK RG method has also been applied to models of
glasses for which the microscopic degrees of freedom can take g values. Al-
though the ensuing RG flow is similar to that in Fig. 4.6, the presence of a
critical line ending on a T' = 0 critical FP, and the low-temperature phase
governed by another T' = 0 FP, the lower critical dimension then decreases
with increasing ¢, e.g., d.(¢ = 2) = 8 but dr(qg = o) ~ 4 [66,67].

The curse of MK RG is that it assumes from the outset that the system
is replica symmetric. As was shown by Gardner [68], it cannot include RSB,
thus reducing the operative space to a finite, discrete space. To understand
if the finite-dimensional world exhibits RSB, then RG methods are needed.

4.3.2 Ensemble RG

At each iteration, MK RG maps a single sample of size N to a smaller
one. Given an ensemble of systems of size IV, a transformation is applied
to each of them to obtain an ensemble of smaller systems. However, a
different approach is to establish a direct mapping between the entire prob-
ability distributions of couplings in larger and smaller systems, such that
the average over such distributions of important observables remains the
same. Obviously, in models for which the RG transformation is exact, the
two approaches should provide the same answer, but when approximations
are made, the latter could lead to better results. In particular, models with
strong disorder (such as SGs), sample-to-sample fluctuations may dominate
thermal ones. Following the latter approach, in Ref. [69] the Ensemble RG
(ERG), was formulated.
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In principle, ERG can be applied to any disordered system. However,
it has so far only been applied to the hierarchical model (HM), which is a
specific d = 1 long-range model, whose Hamiltonian for N = 2™ spins can
be constructed iteratively as follows:

ontt
Hy1(81,.. Sont1) = Hp(81, .00y 820 ) + Hp(Song1, .0y Sgnt1) + et Z Jijsis; + cost

i<j=1
In practice, H, is the sum of interactions at n different levels. HM was
introduced by Dyson in its ferromagnetic version [70,71], and its SG version
was proposed in Ref. [72]. By properly tuning the factor ¢ that controls
how fast the coupling intensity decays with distance, HM can emulate a
d-dimensional short-ranged (SR) model: ¢ ~ 27172/ for the ferromagnetic
model, ¢ =~ 2(=172/4)/2 for the SG version (see also Ref. [73,74]). Because
decimation of HM by a standard block-spin transformation does not give
rise to any multispin terms (unlike for finite-d lattices), considering pairwise
interactions alone in the RG is not an approximation.

ERG assumes that couplings remain independent. They can never-
theless have a different probability distribution Py(J) at each level k €
{1,2,...,n}. Each coupling distribution is then parameterized by K num-
bers, otherwise the RG becomes untractable. For SG with a field, one
can assume the distribution of couplings and fields to be two independent
Gaussians, thus giving K = 2 parameters that are their associated vari-
ances. ERG for an ensemble of systems with n levels works as follows:

(1) Compute (n — 1)K observables < O; >, j € {K +1,...,Kn} in the
larger systems extracted from the original coupling distribution.

(2) Determine the new (n — 1)K parameters of the P’ distributions by
requiring that < O} >p=< O;4x >p forany i € 1,2,...,(n — 1) K.

(3) Build a new ensemble of systems of the original size by joining
them with random couplings extracted from the original distribu-
tion P, (J) two smaller systems with couplings extracted from P} (J’),
ke€{1,2,..,(n—1)} found at step (2).

Primed quantities refer to the smaller systems. The first two steps are the
true renormalization steps, while the last step is required to obtain a final
system size that allows for iterating the method until convergence. The
observables used to fix the variances in the SG ERG are normalized SG
correlations at different levels. The ERG analysis of SG with H = 0 found
a SG transition below a critical temperature for (effective) d ~ 3 [69]. The
method, which has been assessed by comparing with simulation results,
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reproduces the proper scaling of the v exponent, which, for long-range sys-
tems, shows a minimum at the upper critical value of c. ERG therefore
correctly identifies d,,. The ERG analysis for SG in a field obtained results
are in perfect agreement with what was found by MK RG [58]. The quali-
tative phase diagram is as in Fig. 4.6, and below d;, ~ 8 ERG is unable to
identify a SG phase.

4.3.3 Strong disorder RG

The Strong Disorder RG (SDRG) is a T = 0 scheme to construct an ap-
proximate SG ground state [75]. It considers the local field of each spin .S;
hloe =37 ; JijSj. Once its largest coupling (in absolute value) is computed,
corresponding to some index jmax (), max;(|Ji;|) = |J; j,...ci)l, one would
like to identify the spins for which the local field
héoc = Ji,jmax(i) Sjmax(i) + Z JUS]
j#j!nax(i)
is dominated by the first term. The second term could be approximated

by a sum of random terms of absolute values .J;; and of random signs. It
is therefore reasonable to use

Qi =i jran(n| — > 1l
j?éjmax(i)

as an indicator of the relative dominance of the maximal coupling in the
local field. SDRG is based on the variable €2; defined by the following
elementary decimation scheme

(1) For each spin ¢, compute the associated variable €;;
(2) Find the spin i with the maximal §2;;
(3) Eliminate the spin S;,, fixing it to

Sio = Smax(i0) S8 (Jig jma (i0) );
(4) Transfer all its couplings J;, ; with j # jmax(i0) to the spin S;
via the renormalization rule;

max(iO)

Tiras(i0)5 = Timanio).d + Jio. 580 Tiouman(ic)) (4.20)

The procedure is repeated N — 1 times; leaving a single spin Sy,s at

the end, with Sy,s5; = +1 labeling the two ground states related by a global

flip of all the spins. From Sj,s¢ = +1, one may reconstruct all the values

of the decimated spins via the rule in Eq. (4.20), and thus approximate the
energy of the ground state.
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SDRG has been used to assess the validity of the Droplet Picture (DP)
or Replica Symmetry Breaking (RSB) description of SG models, depending
on d. In the DP, a RS low-T phase with properties determined by the
excitation of droplets of fractal dimension ds < d with a free-energy cost
that grows as LY for a length scale L. In the RSB picture, there exist
system-size excitations which have a free-energy cost of O(1) and which are
space-filling, i.e., have dy = d. Thus, by investigating the value of dg of
interfaces in the low-T' phase, it is possible to determine whether RSB or
DP best describes the physics.

In SDRG, 6 and ds are obtained by considering—for each disordered
sample—the two ground states associated with two different boundary con-
ditions. Periodic (P) and Anti-Periodic (AP) conditions, in particular are
obtained by flipping the sign of the bonds crossing a hyperplane of the lat-
tice. The difference between the two ground states defines a system-size
domain wall. The scaling of its energy gives 0, and the scaling of its surface
gives d.

SDRG values for 6 and d, were first obtained for d = 2 and 3 [75]. While
the values of ds; by SDRG are in good agreement with those obtained by
numerical methods both in d = 2 [76] and in d = 3 [77], 6 is not well
captured, giving 6(d = 2) ~ 0. The scheme thus appears to give the
opposite of MKRG, which correctly predicts 8, but misses the value of dg
which is fixed to the trivial d% = d — 1. The SDRG value of d, up to
d = 6, were later obtained using a greedy algorithm [78]. The two estimates
appear to merge and give dg = d in d = 6, thus suggesting that RSB could
be valid above d = 6, while DP could describe the model for d < 6.

The key problem of SDRG is that while the approach appears to be
accurate for the early iterations, where there exist spins with positive (and
large) Q;, all Q; eventually turn negative, a sign of a failure. As suggested
by Monthus [75], it could be that the fractal dimension d, is dominated by
the early iterations, which correspond to long length scales, and for this
reason, the SDGR then correctly captures its value.

4.3.4 M-Layer expansion around the Bethe lattice solution

We finish with a recently developed expansion around a different soluble MF
model: the Bethe lattice (BL) (or, equivalently, a random regular graph of
finite connectivity z). A BL model is essentially MF because of the (local)
tree structure of the lattice; the contribution of finite-length loops van-
ishes in the thermodynamic limit. The probability distribution of a spin
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is therefore independent of the probability of a nearest neighboring spin if
the direct edge between them is cut. The idea of an expansion around the
BL was originally introduced by Efetov [79] and revived by different au-
thors [80,81]. Reference [82] formalized the approach through the M-layer
construction: one introduces M copies of the original finite-dimensional
lattice and generates a new lattice through a local random rewiring of the
links. In the M — oo limit, the M-layer lattice is locally BL-like in that
is presents a tree-like local structure without loops of finite length. (For
M =1, one recovers the original lattice.) Using the small parameter 1/M,
one can perform an expansion for a generic multi-point observable. The
critical series is expressed as a sum of topological Feynman diagrams with
the same numerical pre-factors as in field theories. The only difference is
that the contribution of a given diagram must not be evaluated by asso-
ciating bare propagators to its lines, as is usual; instead, one computes
the observable on the corresponding topological loop diagram, thought as
manually inserted in a BL. To leading order, one recovers the BL solution
with no spatial loops, but upon lowering d spatial loops grow more impor-
tant. They are therefore present at higher orders in the BL expansion. The
perturbative nature of the BL expansion is particularly helpful in keeping
computations under control. In addition, it permits following the well-
threaded path of standard perturbative RG. BLRG, however, also includes
non-perturbative features compared to the standard expansion. The BL
solution is exact in one dimension, thus including the resummation of all
the non-perturbative effects. Finite connectivity is already encoded at the
Oth order of the expansion, and, consequently also accounts for important
properties, such as local fluctuation of observables and heterogeneity, at
variance with the expansion around the fully-connected (FC) MF solution
where such effects are construed as non-perturbative effects. The M-layer
expansion around BL for a SG in a field in the limit of large connectivity
z — oo (for T > 0) [83] recovers the standard expansion results [49,50].

In previous sections, we have seen that non-perturbative RG schemes,
such as MKRG and ERG, find a critical zero-temperature fixed point for
the SG with field, for high enough d. In the FC model, the transition line
in the temperature-field (' — H) plane diverges at T = 0. There are no
zero-temperature fixed points around which one could expand. By contrast,
the BL presents such a transition at a finite field h. [84], around which one
can perform an expansion using the M-layer formalism. While setting the
temperature straight to 0 is impossible in the Lagrangian approach of the
FC expansion, T'= 0 computations can be easily performed in the context
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of the BL expansion [85]. The zero-loop two-point correlation functions
and the first one-loop corrections at T' = 0 and finite z [86] have found
loop corrections not to be negligible for d < dBL = 8. The upper critical
dimension predicted by the BL expansion is therefore different from d,, = 6
predicted by standard field theory. Given that the large z results with
the standard expansion finite connectivity is understood to be a crucial
ingredient. In other words, the limits z — co and 1" — 0 do not commute.

The natural next step is to compute three-point correlation functions
associated with the cubic vertex at zero- and one-loop order for the BL
expansion, to see if, by standard RG field theoretical methods, one can
find a non-trivial FP of the RG equations, for d < d2. This program is
currently underway.
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